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Theorem. If X is a collection of subsets of X we denote with H the
collection of σ-algebras in X including X then




is a σ-algebra, called σ-algebra generated by X
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If X is the collection of open sets in R then σ-algebra σ (X ) is called
Borel σ-algebra. It is denoted by B (R)
Every member of B (R) is called Borel set.
If I is the collection of intervals [a, b) where a < b then
σ (I) = B (R)
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The same holds if
I = {(a, b) | a, b ∈ R, a < b}
I = {(a,+∞) | a ∈ R}
I = {(−∞, a) | a ∈ R}
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The same holds if
I = {(a, b) | a, b ∈ R, a < b}
I = {(a,+∞) | a ∈ R}
I = {(−∞, a) | a ∈ R}
We have the following chain of inclusions
B(R) (M(R) ( P(R)
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Measure. Let A a σ-algebra in X. The set function µ : A → [0,+∞]
is said to be a measure on A if µ(∅) = 0 and if for any disjoint
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• (X,A, µ) is called measure space
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Measure. Let A a σ-algebra in X. The set function µ : A → [0,+∞]
is said to be a measure on A if µ(∅) = 0 and if for any disjoint










• (X,A, µ) is called measure space
• If µ(X) = 1, µ is said probability measure
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Definition. Measure µ is said
• finite if µ(X) < +∞
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Definition. Measure µ is said
• finite if µ(X) < +∞




and µ(An) < +∞ for any n ∈ N
• complete if A ∈ A, B ⊂ A, µ(A) = 0 =⇒ B ∈ A and then
µ(B) = 0
• concentrated on A ∈ A if µ(Ac) = 0. In such situation we say








If A, B ∈ A and A ⊂ B then µ(A) ≤ µ(B)
Proof. B = (B \ A) ∪ A implies that




If A, B ∈ A and A ⊂ B then µ(A) ≤ µ(B)
Proof. B = (B \ A) ∪ A implies that
µ(B) = µ(B \ A) + µ(A)








If A, B ∈ A, A ⊂ B, µ(A) <∞ then µ(B \ A) = µ(B)− µ(A)
Proof. We already proved that
µ(B) = µ(B \ A) + µ(A).




If A, B ∈ A and if µ(A ∩B) <∞ then
µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B)
Proof. Notice that A ∩B ⊂ A, A ∩B ⊂ B and that




If A, B ∈ A and if µ(A ∩B) <∞ then
µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B)
Proof. Notice that A ∩B ⊂ A, A ∩B ⊂ B and that
A ∪B = (A \ (A ∩B)) ∪B
Since µ(A ∩B) <∞ we have























Increasing sequences of sets








Decreasing sequences of sets









Example Let x ∈ X. For any A ∈ P(X) define
δx(A) =
1 if x ∈ A0 if x /∈ A
δx is a measure on P(X) called Dirac x-measure.
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Example Let x ∈ X. For any A ∈ P(X) define
δx(A) =
1 if x ∈ A0 if x /∈ A
δx is a measure on P(X) called Dirac x-measure.
It is a measure concentrated on {x}
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Example For any A ∈ P(X) define
µ#(A) =
#A if A is finite+∞ if A is infinite
µ# is a measure on P(X) called counting measure
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Integral of simple functions
Let (X,A, µ) a measure space and let A ∈ A.
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If A ⊂ X the indicator (characteristic) function of A is
1A(x) =
1 if x ∈ A0 if x /∈ A







Integral of a simple function
Let (X,A, µ) a measure space, A ∈ A and ϕ a simple nonnegative
function on A


















Remark. Recall that we follow the infinity convention for extended
real numbers:
0 · ±∞ = 0
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Integral Linearity and positivity
Let (X,A, µ) a measure space, A ∈ A and ϕ1, ϕ2 simple functions on
A
(a) if α1, α2 ∈ R then∫
A
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Proof. Observe that indicator function is itself a simple function.









Proof. Observe that indicator function is itself a simple function.
Since 1A(x) = 0 if x ∈ Ac and 1A(x) = 1 if x ∈ A we have∫
X




Let (X,A, µ) a measure space, A ∈ A such that there exist B, C ∈













Let (X,A, µ) a measure space, A ∈ A, ϕ a simple nonnegative func-




ϕ dµ = 0
ii)µ ({x ∈ A | ϕ(x) > 0}) = 0
